Abstract. We study nonlinear structure formation in the Bound Dark Energy model (BDE), where dark energy (DE) corresponds to a light scalar meson particle φ dynamically formed at a condensation energy scale Λ c . The evolution of this dark-energy meson is determined by the potential V (φ) = Λ 4+2/3 c φ −2/3 , with a distinguishing phenomenology from other quintessence scenarios. Particularly, the expansion rate of the universe is affected not only at late times, but also when the condensation of φ occurs, which in linear theory leads to an enhancement (with respect to standard ΛCDM) of matter perturbations on small scales. We study how much of this signature is still present at late times as well as the properties of dark matter halos in the nonlinear regime through N-body simulations. Our results show that nonlinear corrections wash out this feature from the matter power spectrum even before DE becomes dominant. There is, however, a small but clear suppression of the BDE spectrum of 2% today on the largest scales due to the distinct late-time dynamics of DE. The differences on the clustering power between BDE and ΛCDM are reflected in the halo mass function, where small halos are more abundant in BDE as opposed to large heavy structures, whose formation is delayed because of the expansion history of the universe. This result is well captured by the semi-analytical Sheth-Tormen formula. However, despite these differences, the halo concentration parameter is essentially the same in both models, which suggest that clustering inside the halos decouple from the general expansion once the halos form.
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Introduction
Research done over the last twenty years has firmly established that the universe is currently expanding at an accelerating rate [1] [2] [3] . Assuming that General Relativity still provides an accurate description of gravity on cosmological scales, the late-time cosmic acceleration can be interpreted as the dynamical effect on the motion of galaxies and structures because of the pressure exerted by dark energy (DE), which in the standard concordance model (ΛCDM) is fully characterized by a cosmological constant (Λ). The cosmic abundance of DE is constrained to about 70% of the energy content of the universe at present time, while 26% consists of Cold Dark Matter (CDM) and the remaining 4% is left to the Standard Model (SM) particles [4] . Despite the success of the concordance model in providing a simple theoretical framework to account for observations, the physical nature of DE is still a mystery. The main problem in attributing DE to a cosmological constant is the disturbing discrepancy between the theoretically predicted estimations and its observed value, an issue that is commonly referred to as the fine-tuning problem [5] [6] [7] . The inability of standard physics to explain this discrepancy impels the quest of alternative DE candidates, such as quintessence [8, 9] , modified gravity theories [10] , and other theoretical scenarios [11, 12] .
The progress made in observational cosmology since the discovery of the cosmic acceleration now allows us to assess the viability of these alternative scenarios as well as to look for deviations with respect to ΛCDM that may be detectable in the future. Such departures from standard ΛCDM may be looked in the Large Scale Structure (LSS) of the universe, where DE is expected to leave imprints by its effects on the expansion history and the presence of DE perturbations [13] [14] [15] [16] . In recent times N-body simulations have become a powerful tool to explore the impact of DE on the distribution of matter across the universe, the formation of cosmic structures and their dynamical properties [17, 18] . These simulations serve as numerical laboratories to study physical processes on scales where linear perturbation theory is no longer valid. The increase of computational power and the development of more efficient algorithms make it now possible to run large N-body simulations within a reasonable period of time and consequently it paves the way for a systematic study of different DE scenarios [19] [20] [21] [22] [23] [24] [25] [26] .
In this paper we study structure formation in the Bound Dark Energy (BDE) model [27] [28] [29] [30] [31] [32] . BDE is a quintessence theory aiming to explain the nature of DE through a natural extension of the SM. Inspired by supersymmetry and unification schemes, the model introduces a hidden dark gauge group (DG) of light particles coupled with the SM sector only through gravity below the unification scale. At high energies the gauge coupling of the DG is weak and the energy density of these light particles dilutes as radiation. When the temperature drops off and a critical energy density scale (Λ c ) is reached, the gauge coupling of the DG becomes strong and now these particles condense into composite states. DE is the lightest composite state corresponding to a scalar meson φ whose dynamical evolution is determined by an inverse power-law potential (IPL) V (φ) = Λ 4+2/3 c φ −2/3 . The condensation energy scale Λ c , the exponent α = 2/3 of the potential and the epoch a c where the condensation of the scalar meson φ occurs are not free cosmological parameters, but they depend on the properties of the DG. Therefore, we note that in this scenario the scalar field representing DE is not a fundamental entity in nature, but it results from the interaction between the particles of the DG, which have the same primitive status as the other fundamental particles of the SM. The dynamical evolution of DE in BDE, its effects on the expansion history of the universe and the cosmological implications of the model differ from other scalar field theories, even for the case of the well-known Ratra-Peebles IPL potential V (φ) = M 4+α φ −α [33] [34] [35] . Moreover, the initial conditions of the field at a c are also determined by the symmetry breaking scale Λ c of the DG and therefore the amount of DE at any time can be straightforwardly predicted from the solution of the background equations.
We developed these ideas and presented the constraints on the BDE model using recent observational data in [31, 32] . Our analysis was limited to the predictions arising from the background dynamics and the linear perturbation theory. BDE fits well the data, particularly Baryon Acoustic Oscillations (BAO) measurements, where we found a systematic better fit than standard ΛCDM, leading to interesting tensions that might be useful to discriminate between these two scenarios. Additionally, we found interesting signatures in the matter power spectrum, which records the condensation of the BDE meson as an excess of power on small scales, and the late-time dynamics of the DE as a suppression of power on large scales. In view of the importance of structure formation data on DE studies in the forthcoming years, here we extend our previous work to investigate the clustering of matter in the BDE model in the non-linear regime. This paper is organized as follows. In section 2 we make a short review of BDE. We describe the theoretical foundations and the basic equations of the model and we discuss the impact of BDE on the expansion rate. In section 3 we discuss the effects of BDE on structure formation in the linear and quasilinear regimes. We present the setup of our Nbody simulations and discuss our results in section 4. Finally, we summarize our findings and state our conclusions and prospects in section 5. In this paper we adopt some of the notational conventions commonly found in the literature. Particularly, a denote the scale factor of the universe, which is related with the cosmological redshift z by 1 + z = 1/a for a flat Friedmann-Lemaître-Robertson-Walker metric, G is the gravitational constant, and overdots denote cosmic-time derivatives.
The Bound Dark Energy model
Our Dark Energy model [27] [28] [29] [30] [31] [32] introduces a supersymmetric SU (N c ) gauge group of light particles with N c = 3 colors and N f = 6 flavors in the fundamental representation. Since this Dark Group is postulated as an extra ingredient of the constituents of matter, neither N c nor N f represent cosmological free quantities, but they are input parameters whose fundamental status is the same as the other input parameters of the SM. The DG is unified with the SM sector at the unification scale Λ GUT ≈ 10 16 GeV, below which they interact only via gravity. At high energies the gauge coupling of the DG is weak, so the light particles of the group are asymptotically free and the DG contributes to the total amount of radiation of the universe. The gauge coupling evolves over time growing at low energies as the universe expands and cools down. When a critical energy scale Λ c is reached at a scale factor a c (related each other by a c Λ c /eV = 1.0939 × 10 −4 in a 3 massless neutrino species scenario), the coupling becomes strong and the particles of the DG bind together forming composite states. The lightest formed state corresponds to a scalar meson described by a scalar field with an IPL self-interaction term
This meson represents the DE and it is precisely the aforementioned binding mechanism where the name BDE is given to our dark energy model. After the particles of the DG condense into BDE, the extra relativistic degrees of freedom of the DG vanish and the cosmological evolution of the scalar field is analytically described by the canonical quintessence formalism [8, 9] . The evolution of the scalar field at the homogeneous-background level is governed by the Klein-Gordon equation
with a frictional term depending on the expansion rate of the universe (H ≡ȧ/a), and the steepness of the scalar potential dV /dφ acting as a driving force. The energy density and the pressure of the field are given by
leading to a time-varying equation of state (EoS)
whose value depends on the competition between the kinetic and potential energy of the field. We presented the constraints on the BDE model using recent measurements of the CMB temperature anisotropy spectrum [4] , the distance modulus of type Ia supernovae (SNeIa) [36] and the BAO distance ratio [37] [38] [39] in [31, 32] . According to our results, the condensation of BDE occurs at a c = (2.48 ± 0.02) × 10 −6 and the energy scale of condensation is Λ c = 44.09 ± 0.28 eV, which remarkably lies in the range of our theoretical prediction Λ th c = 34
+16
−11 eV derived from the one-loop renormalization equation of the gauge-coupling constant of the DG. Figure 1a shows the evolution of the EoS over time. Before condensation, when the DG is present the EoS is simply w BDE = 1/3. When condensation occurs, the EoS leaps abruptly to w BDE 1 and the scalar field behaves as a stiff fluid for a while. Next, shortly before recombination (z * ≈ 1090) the EoS drops to w BDE −1 and now the scalar field mimics a cosmological constant w Λ = −1. Finally, the EoS grows at late times reaching its present value w BDE0 = −0.9294 ± 0.0007, which is shown in more detail in the inner subplot. Note how cosmological data tightly constrain the EoS in our model. Figure 1b shows the density parameter Ω i = ρ i /ρ crit (with ρ crit = 3H 2 /(8πG), see eqs. (2.5) and (2.6) below) of matter, radiation and DE. Shortly before condensation the DG amounts to Ω DG = 0.112 the energy content of the universe. This is also the initial density parameter of BDE, since the energy of the DG is completely transferred to the scalar BDE mesons at a c [29] . When the EoS leaps to w BDE 1 the energy density of BDE redshifts as ρ BDE ∝ a −6 and the scalar field dilutes more quickly than matter and radiation. This rapid dilution of BDE just after a c leaves and interesting imprint on the growth of matter perturbations in linear theory and one of the goals we pursue in this research is to find out how much of this signature is still present when nonlinear dynamics is taken into account. The scalar field is rapidly diluted and it remains subdominant for most of the history of the universe. When the EoS drops to −1 mimicking a cosmological constant, ρ BDE = const and the density parameter of BDE reaches its minimum value and then starts growing, since both matter and radiation are further diluted. Finally, w BDE departs from −1 at late times, the matter-DE equality epoch arrives at z DE = 0.34, and BDE becomes dominant with Ω BDE0 = 0.696 ± 0.007 today.
The immediate effect of this DE dynamics is reflected in the expansion rate of the universe. Before a c when the DG is present we have:
where ρ m ∝ a −3 and ρ r ∝ a −4 are the energy densities of matter and SM radiation, respectively, and w BDE (a c ) = 1/3. After condensation, the expansion rate is (ρ m + ρ r + ρ Λ ) and ρ Λ = Λ/(8πG). In this plot, both models run with the same set of parameters, that is, the Hubble rate and the matter density today is the same, which automatically implies an equal amount of DE at present time (since ρ r depends only on the CMB temperature today). Therefore, any difference we observe is due to the effects of the distinct DE dynamics on the expansion history of the universe. Initially, the DG enhances the expansion rate in BDE by about the 6%. However, once the particles of the DG condense into BDE the scalar field quickly dilutes leaving only matter and standard radiation. Since ρ Λ in ΛCDM is still negligible at these times, by the matter-radiation equality epoch (a eq ) arrives the expansion rate in both models is practically the same and therefore the relative difference is null. Later on, when DE becomes relevant, the expansion rate in BDE is once again larger as shown in Figure 2b in more detail. As we mentioned before, the density of DE and the expansion rate today is the same in both models. However, as we run the picture backwards ρ BDE ∝ a −3(1+w BDE ) > ρ Λ , since w BDE > −1 and therefore the expansion rate in BDE is larger. The maximum deviation with respect to ΛCDM at late times only amounts to 1.4% at z ≈ 0.5, very close to z DE . As we proceed to earlier times, ρ BDE is frozen to a nearly constant value, since w BDE approaches to −1. However, although the expansion rate is still larger in BDE, the difference with respect to ΛCDM gradually vanishes as the matter is dominant. The end result of all these processes is the bump in the plot.
We stress that these differences correspond when both models run with the same set of cosmological parameters. The modification of the expansion rate in BDE leaves interesting imprints on different quantities that can be used to constrain the model. However, since our main concern in this paper is to study the intrinsic effect of BDE on nonlinear structure formation, we shall use the same set of cosmological parameters when we compare our results with the ΛCDM predictions, as we just did. A full discussion on how BDE fits observations and how these fits compare with those of ΛCDM can be found in [31, 32] .
3 Linear and quasilinear structure formation in BDE
Linear perturbation theory
Large-scale structure formation is mainly driven by the dynamics of the CDM involving only gravitational physics. In the standard picture, structure formation proceeds from the collapse of initial small perturbations of CDM into dense knots called halos, which in turn cluster into filaments and sheets [40] . The resulting DM network serve as the skeleton around which ordinary matter accretes to form stars and galaxies. By observing these objects we expect to trace back the underlying structure and learn its properties. The effects of DE on this process come from the expansion rate and the DE perturbations. Unlike the cosmological constant, alternative models introduce DE inhomogeneities, which do have an impact on the evolution of radiation and matter perturbations [16, [41] [42] [43] [44] . In general terms, the approach to structure formation depends on the size of the density fluctuations (δ ≡ δρ/ρ) around the homogeneous background (ρ) and is roughly divided into three regimes. In the linear regime these fluctuations remain small enough to be accurately described by linear perturbation theory, which can be efficiently implemented in Boltzmann codes such CAMB [45] . We have studied the effects of BDE on the evolution of matter perturbations in the linear regime in [31, 32] . Here we summarize our findings. Figure 3a shows the ratio
(k) of matter perturbations in BDE and ΛCDM for different modes k in the Newtonian gauge defined by the scalar potentials Ψ and Φ through the line element ds 2 = −(1+2Ψ)dt 2 +a 2 (1−2Φ)δ ij dx i dx j , with δ ij the Kronecker delta [46] . Initially Q m is constant since all the modes lie outside the horizon and therefore they do not evolve over time yet, as expected in this gauge. The initial suppression in BDE is due to the extra relativistic degrees of freedom of the DG affecting the initial overdensities δ m through Ψ [32, 46] . Perturbations start evolving after the horizon-entry epoch a h defined implicitly by k = a h H(a h ) for each mode. We see that small modes k > k c = a c H(a c ) = 1.37h Mpc −1 crossing the horizon before condensation evolve quite differently than large modes k < k c whose horizon-entry epoch occurs after that. Small modes k > k c are further suppressed in BDE since the entry epoch is delayed with respect to ΛCDM because of the DG. However, once they cross the horizon also in BDE, the growth rate is larger than in ΛCDM and therefore Q m increases leaving the troughs we see before a c . Next, when condensation of BDE occurs the EoS leaps abruptly to 1 and the energy density is rapidly diluted as ρ BDE ∝ a −6 (see figure 1) . Although the universe expands faster in BDE as shown in figure 2a , the growth rate of matter perturbations is further enhanced since decelerationä/a = −8πG(2ρ r + 4ρ BDE )/3 is more efficient because of the extra (fading) term 4ρ BDE , which is larger than 2ρ r by 25% at a c . As a result, Q m is boosted above 1 for these modes, reaching a maximum of Q m = 1.085 for k = 6.37h Mpc −1 before matter-radiation equivalence. After that, matter overdensities scale simply as δ m ∝ a during matter domination and Q m is constant again. Finally, when dark energy becomes dominant at late times the growth rate in BDE is smaller and Q m is uniformly suppressed for all modes by −1.14% the constant value it had during matter domination, as shown in detail in figure 3b. On the other hand, large modes k < k c are mainly affected by this late-time signature of the model. The transition from the DG to BDE leaves perturbations with the same amplitude δ m ∝ Φ as in ΛCDM, since these modes are still outside the horizon and Φ is the same once the relativistic degrees of freedom of the DG vanish at a c [46] . The transient leap seen in the plot is nothing more than a gauge effect arising from the leap of the EoS on the synchronous potential η used to convert matter overdensities to Newtonian gauge in CAMB.
We see that BDE impacts the evolution of matter perturbations not only at late times as is expected, but there is also a distinctive imprint left by BDE condensation and rapid dilution. These two effects are manifest in the matter power spectrum in figure 4 , where the lower panel displays the relative difference with respect to ΛCDM. At z = 0 the spectrum in BDE is generally suppressed by 2% on all scales because of the late-time dynamics of DE, but this suppression is overwhelmed on small scales by the enhancement effect due to BDE rapid dilution at a c , which leads to an excess of power of 15% at k ≈ 6.37h Mpc −1 . In fact, we can isolate these two effects by looking at the spectrum at earlier times, when DE is not dominant yet. For example, at z = 4 matter perturbations on large scales have the same amplitude as in ΛCDM as shown in figure 3 . At that time the spectrum is not suppressed yet and the only feature we see in figure 4 is the excess of power on small scales.
It is important to bear in mind the physical context where these predictions hold. First of all, modes evolve uncoupled each other in linear theory, which means that there is no transfer of features between different scales. Secondly, the imprint left by BDE dilution on the matter spectrum is a relic effect of physical phenomena that took place in the early universe, almost 5 e−folds before matter-radiation equivalence. The small modes where this feature is imprinted have grown enough to enter the nonlinear regime, where new phenomena comes into play and linear perturbation theory is not valid anymore. Among the questions we address in this research is to determine how much of this signature remains when nonlinear phenomena are taken into account.
Semi-analytical models
Before matter perturbations grow enough to form fully nonlinear structures, there is an intermediate regime where is possible to study the transition from small perturbations to collapsing objects. This can be used to estimate the abundance of formed structures and to look for possible imprints of DE [26, 47] . There are many estimations [48] of the mass distribution of formed structures available in the literature, all of which can be compactly written as
where dn/d ln M is the differential number density of structures per logarithmic mass bin, ρ m0 is the background density of matter today, and f (σ R ) is a function of the variance of the matter contrast field smoothed on a comoving length scale R given by
with P (k, z) the linear matter power spectrum and W R (k) the Fourier transform of a top-hat spherical function of radius R enclosing a mass M = 4/3πρ m0 R 3 . The explicit functional form of f (σ R ) can be completely deduced from theoretical considerations as done in the original Press-Schechter theory [49] , where spherical collapse is assumed and the abundance of structures is estimated by counting the number of overdense regions above some collapse threshold δ c ≈ 1.686 in a Gaussian random field. In this case, f (σ R ) is given by Figure 5 . Mass function for BDE (blue) and ΛCDM (red) at z = 0 using the Press-Schechter [49] and the Sheth-Tormen [50] formulas. The lower panel shows the relative difference with respect to ΛCDM. The shaded area marks the mass range we study in our N-body simulations (section 4.3).
A more general approach considering ellipsoidal collapse instead of spherical collapse is proposed in [50] , where
with A = 0.3222, a = 0.707 1 , and p = 0.3 additional parameters set by calibrating with numerical simulations. Other forms of f (σ R ) are extensions of these functions with parameters that need also to be calibrated from simulations [48] . Figure 5 shows the predicted mass function for BDE and ΛCDM at z = 0 using the PressSchechter (equation (3.3) ) and the Sheth-Tormen (equation (3.4) ) formulas. For the sake of reference, the shaded area shows the mass range spanned in our N-body simulations (see section 4.3). Despite the systematic discrepancy between the Press-Schechter and the ShethTormen predictions, the difference between BDE and ΛCDM is very similar. We see that there are less structures in BDE for M 8 × 10 13 h −1 M , where we found that σ ΛCDM > σ BDE and consequently the mass function is more suppressed by the exponential term in f . The opposite occurs for light structures, where the abundance is enhanced in BDE reaching an excess of 4% at M ≈ 4.1 × 10 11 h −1 M .
Nonlinear structure formation in BDE

N-body simulations setup
In order to determine how BDE affects structure formation in the nonlinear regime, we prepared a suite of numerical simulations using the adaptive mesh refinement N-body code RAMSES [51] . This code allows the computation of high-resolution gravitational interactions by automatically refining the spatial grid in those regions where the number of particles exceeds some threshold. Since BDE does not appreciably cluster on sub-horizon scales [32] , the smooth field approximation is valid and we only modified the code to account for the proper background evolution [18] . The Hubble expansion rate can be efficiently determined during the run by interpolating its value from a precomputed table instead of solving the KleinGordon and Friedmann equations (2.2) and (2.6), respectively. Table 1 lists the setup of our simulations and the cosmological parameters we used in our analysis. This is the same set of cosmological parameters we have been using in our previous discussions. The corresponding density parameter of matter and DE today are Ω m = 0.305 and Ω DE = 1 − Ω m = 0.695, respectively. We also prepared a suite of N-body simulations for ΛCDM using the same configuration. As we mentioned before, we shall use the same cosmological parameters to isolate the effects of the dynamics of DE on the quantities we are studying. In each case, we ran five realizations varying the seed for the initial conditions, which were accordingly prepared using the second-order Lagrangian perturbation-theory code 2LPTic [52] . All simulations ran from z ini = 49 up to the present epoch z 0 = 0. For BDE we modified 2LPTic so that the program takes as input the full linear power spectrum from CAMB at z ini and outputs the corresponding positions and velocities of the DM particles needed in RAMSES. Later on, we measured the spectrum at z ini from our simulations and verified that the linear spectrum is consistently retrieved.
Matter power spectrum
We measure the matter power spectrum in our simulations using the public code POWMES [53] with a grid size of N g = 2N
1/3 part = 1024 to achieve a higher resolution. This allows us to measure the spectrum up to k = 32h Mpc −1 large enough to probe any excess of power on small scales, as predicted by linear theory. Figure 6 shows our results at different redshifts. The solid lines in the top panels correspond to the spectra obtained from linear theory (P l ), which were computed using CAMB, while the symbols show the binned spectra measured in our simulations (P nl ) and the error bars indicate the standard deviation across the five realizations in each case. The lower panels show the relative difference with respect to ΛCDM in linear theory (solid) and in our simulations (symbols). On large scales k 0.1h Mpc −1 , where linear theory is valid and the spectrum is mainly determined by the spatial distribution of the halos [40, 54] , the results of our simulations agree with linear theory, as expected. At high redshifts there is no difference with respect to ΛCDM, but as time goes by the spectrum in BDE is gradually suppressed from −1% at z = 0.8 to −2% today. This feature is just the late-time suppression effect due to the distinct DE dynamics in BDE, which affects all the modes in the same way, as we previously discussed in section 3.1. In the intermediary regime 0.1h Mpc −1 k 1h Mpc −1 nonlinear corrections start to come into play especially at late times, where collapsing structures have evolved so much since they broke away from the background expansion. However, the departures from ΛCDM in our simulations are the same as those the linear theory predicts, except for the slight suppression near k = 1h Mpc −1 , which at z = 0 drives further the difference between BDE and ΛCDM to −3% around k ≈ 0.6h Mpc −1 .
It is interesting to see what happens on small scales k 1h Mpc −1 . We recall that in this regime linear theory predicts more power in BDE as a consequence of the modification of the expansion rate of the universe when the scalar field is rapidly diluted after a c . The enhancement of matter perturbations affects the modes k k c = 1.37h Mpc −1 crossing the horizon before a c , leaving a maximum deviation with respect to ΛCDM at k max ≈ 6.37h Mpc −1 , as seen in the plots of the bottom panels of figure 6 . Note that the position of the peaks remains the same and it is only the height that is decreasing because of the mode-independent late-time suppression effect. When we take into account nonlinear gravity interactions in our N-body simulations, power is transferred from large to small scales [54] and the excess of power in BDE is washed out leaving only a weak trace below 1% at z = 0 on the smallest scales we were able to probe. The dilution of the peak proceeds early on before linear latetime suppression becomes relevant. For example, although there is still more power in BDE at z = 4, the difference with respect to ΛCDM in our simulations is already very distinct from linear theory. However, once linear suppression comes into play it also drives the difference between the nonlinear spectra in our simulations, as shown by the (vertical) drift of the markers between z = 0.8 and z = 0.2. Finally, at late times the difference in nonlinear spectra decouple for linear suppression, as shown by the mild flattening of the markers at z = 0 on the smallest scales. We can compare the resulting effects of nonlinear interactions in both models through the ratio [25] 
where each term P nl /P l accounts for the difference between the full spectrum measured in our simulations and the linear theory in each case. Figure 7 shows this ratio at different times. On large scales nonlinear corrections are small and therefore R ≈ 1 as expected. On smaller scales, where nonlinear dynamics becomes dominant R < 1, which means that (P nl /P l ) ΛCDM > (P nl /P l ) BDE and consequently the nonlinear corrections are more acute in ΛCDM, thus diluting the gained power in BDE since the condensation epoch. Moreover, nonlinear effects in ΛCDM are stronger at late times as shown in the plot, where R(z = 4) > R(z 1) for the smallest scales.
Halo mass function
We built the halo catalogs in our simulations using the halo finder ROCKSTAR [55] . This code identifies dark matter halos and substructures by implementing an extended version in the 6D phase space of the Friends-of-Friends (FOF) algorithm, where overdense regions are identified by grouping particles according to some linking length. The halo mass is defined as the mass contained within a sphere of virial radius R ∆c whose mean density is ∆ c = 200 times the critical densityρ c of the universe [56] 
To estimate the halo mass function we have considered parent halos consisting at least of 100 DM particles (M 200c > 100M part ), which yields a resolution in mass of 5.05 × 10 11 h −1 M and we also filtered subhalos out. Figure 8 shows our results. The symbols in the top panels display the average across the five simulations, while the error bars indicate the standard deviation. The solid lines are the predictions of the Sheth-Tormen fitting formula (3.4) with the standard parameters A = 0.3222, a = 0.707 and q = 0.3. The lower panels show the relative difference with respect to ΛCDM in each case. We get accurate measurements of the halo mass function in our simulations for masses between ∼ 10 12 h −1 M and 10 14 h −1 M corresponding to galactic-sized and small clustersized halos, respectively. In all redshifts the halo mass function is larger in BDE in the low-mass end of the plots by 4%. However, the difference with respect to ΛCDM decreases with the mass and eventually there are fewer heavy halos in BDE, although the large error bars due to the small number of structures in the high-mass end M 200c 10 14 h −1 M don't allow us to draw further quantitative conclusions. Interestingly, the location of the crossing point separating these two regions in the residuals shifts slightly to the right as we can see by comparing the snapshots at z = 1 and z = 0. The BDE model has a stronger clustering power on small scales since the initial time, which means that more small halos form in this regime. On the other hand, large heavier structures form more slowly in BDE for the same reason as P (k) is suppressed at small k, namely, structure formation on large scales is affected strongly by the expansion history of the universe.
The Sheth-Tormen formula fits well the halo mass function measured in the simulations and provides a fair estimate of the difference between BDE and ΛCDM. However, although the excess of small structures in BDE and the excess of large structures in ΛCDM is well captured by this formula, the crossing point in the residuals is shifted to the right, leading to a slight offset with respect to the differences observed in the simulations, particularly between M 200c ∼ 10 12 h −1 M and M 200c ∼ 10 13 h −1 M . A recalibration of the parameters of the formula as well as a better estimate of the collapse overdensity (δ c ) in BDE could relieve this discrepancy.
Halo concentration parameter
We measured the halo concentration parameter c 200 in our catalogs by computing the ratio
where R 200 is the virial radius given in eq. (4.2), and r s is the characteristic radius obtained [55, 57] by fitting the halo to a Navarro-Frenk-White profile [58] . Figure 9 shows our results. We have selected from our catalogs massive halos with at least 500 DM particles (M 200c > 500M part ) to achieve a good compromise between resolution and halo statistics in our simulations. Table 2 . Best-fitting parameters of the power-law relation of equation (4.4) to the halo concentration parameter measured in our simulations at different redshifts. These parameters were computed by performing a non-linear least squares fit as implemented in the scipy library of the Python package.
to these data by the power-law function
where the amplitude α and the slope β depend on the redshift. We compile the best-fit values of these parameters in table 2. The lower panel shows the relative difference of BDE with respect to ΛCDM in our simulations. We see that the concentration-mass relation in BDE has the same features found in ΛCDM [57, 59, 60] : i) the relation flattens for increasing z as reflected in the increasingly smaller values of the slope β at late times in table 2, ii) the concentration of halos of fixed mass increases with time, as shown by the increasing values of the amplitude α, and iii) the concentration of halos at a given redshift decreases with the mass, as determined by the negative sign of β. The power-law function eq. (4.4) fits well the halo concentration measured in our simulations, except in the low-mass end at z 0.2, where the function overpredicts the numerical results. However, we recall that the halo concentrationmass relation measured in other simulations exhibits more complex features [57, [61] [62] [63] such as a flattening and an upturn for large masses, as well as a positive slope for large redshifts, which were beyond the reach of our simulations and require a more robust analysis. As far as the difference between BDE and ΛCDM is concerned, we don't find any substantial departure from ΛCDM, save a hint of more concentration in BDE by 1% for M 200 10 13 h −1 M . In any case, these results show the low sensitivity of the halo concentration parameter to H, which suggests that clustering inside the halos is decoupled from the general expansion once they form.
Summary and Conclusions
In this paper we studied cosmic structure formation in the Bound Dark Energy (BDE) model. BDE is an alternative quintessence theory, where the scalar field describing DE is explained at a fundamental level by physics beyond the Standard Model. In BDE we introduce a hidden group of elemental light particles that are weakly coupled at high energies. These particles condense into composite states when a critical energy scale Λ c is reached and the gauge coupling of the hidden group becomes strong. DE is represented by the lightest formed state, which corresponds to a scalar meson particle described by a canonical scalar field φ with an IPL potential V (φ) = Λ 4+2/3 c φ −2/3 . The dynamics of DE and its cosmological implications differ from other quintessence scenarios, such as the Ratra-Peebles potential. Particularly, in BDE the expansion rate of the universe is affected not only at late times (as expected), but also in the early universe soon after condensation occurs. Interestingly, this leads to an enhancement (with respect to ΛCDM) of matter perturbations on small scales in linear perturbation theory.
The main issue we addressed in this paper was to investigate the impact of BDE on nonlinear structure formation through N-body simulations. Here we focused on the phenomenology of the model rather than analyzing how it fits cosmological observations. In order to identify the differences arising from the distinct DE dynamics, we compare our results with ΛCDM simulations with the same setup and cosmological parameters. Our results show that nonlinear gravitational interactions remove any trace of the enhancement predicted by linear theory from the late-time matter power spectrum. This is because nonlinear corrections on small scales are more pronounced in ΛCDM, thus compensating the initial gained power in BDE after condensation. However, it is still possible to observe remnants of this signature at redshifts within the reach of surveys. For example, at z = 4 the BDE spectrum has more power than ΛCDM by 5% on scales k 10h Mpc −1 . On the other hand, the spectrum in BDE is gradually suppressed on large scales as DE becomes dominant. At present time, the suppression amounts to 2%.
The halo mass function measured in our simulations shows an excess of small halos (M 200c ∼ 10 12 h −1 M ) in BDE followed by a gradual suppression of heavy structures (M 200c 10 14 h −1 M ). These results suggest that nonlinear clustering proceeds more efficiently in BDE on small scales, while the formation of large heavier structures is delayed because of the general expansion. The Sheth-Tormen fitting formula provides a fair estimation of the halo mass function in BDE and captures the difference with respect to ΛCDM with little need of recalibrating its free parameters. The halo concentration parameter measured in BDE follows the same behavior than standard ΛCDM and the concentration-mass relation is well fitted by a power-law relation. However, we did not find substantial differences with respect to ΛCDM, which suggests that clustering inside halos is decoupled from the general expansion once the halos form.
In view of all these results, we conclude that BDE and ΛCDM are strongly degenerated in the nonlinear regime of structure formation. However, we stress that our analysis was limited to the case when both models run with the same set of cosmological parameters. It might occur that when we compare realistic scenarios, the small differences we found here become more pronounced. So far, the main source for discriminating BDE and ΛCDM comes from BAO measurements [31, 32] . There is still the intermediate regime of voids where we can look at. We leave this possibility for a future work.
